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１　Introduction
　This paper provides an explicit construction of the left adjoint to the forgetful functor from the category of com-
plete join semilattices to the category of join semilattices. Similarly, one can construct the left adjoint to the forget-
ful functor from the category of quantales to the category of idempotent semirings. A quantale is a complete join 
semilattice together with a monoid structure whose associative multiplication distributes over arbitrary joins. An 
idempotent semiring is a join semilattice together with a monoid structure whose associative multiplication dis-
tributes over fi nite joins. Both of these left adjoints are defi ned by an ideal completion. In order to show why both 
of these left adjoints are defi ned by the ideal completion, we generalize quantales and idempotent semirings to 
complete join semilattices over T-algebras and join semilattices over T-algebras, respectively. By generalization, 
the left adjoint to the forgetful functor from the category of quantales to the category of idempotent semirings is 
given as an example. We also give a direct proof for the case of the category of quantales and the category of 
idempotent semirings.
　This paper is organized as follows: Section 2 defi nes monads for join semilattices. Section 3 shows that a left ad-
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joint between categories of algebras is defi ned by absolute coequalizer construction. Section 4 shows that the ideal 
completion gives the absolute coequalizer for join semilattices. Section 5 generalizes results in Section 3 for 
monads combined by distributive laws. Section 6 directly proves that the ideal completion gives the left adjoint to 
the forgetful functor from the category of quantales to the category of idempotent semirings without notions of 
monads and distributive laws. Section 7 summarizes this work and discusses future work.

２　Monads for Join Semilattices
Defi nition 2.1. A join semilattice is a tuple （S, ≤, ） with a partially ordered set （S, ≤） and the join or the least up-
per bound  A for a fi nite subset A of S.
　A join semilattice S must have the least element 0 since the empty set 0 is a fi nite subset of S and  0＝0.
　SLat denotes the category whose objects are join semilattices and whose arrows are homomorphisms between 
them. SLat is equivalent to the Eilenberg-Moore category ℘f -Alg of the fi nite powerset monad ℘f , whose endo-
functor sends a set X to the set of fi nite subsets ℘f（X）={A⊆X | |A |<ω}, whose unit sends an element x in X to {x} in ℘f（X）, and whose multiplication sends a subset family α in ℘f（℘f（X）） to its union ∪α={ x | ∃X∈α, x∈X } in ℘f（X）. 
The forgetful functor from ℘f-Alg to Set has the left adjoint which sends a set X to （℘f（X）, ∪: ℘f（℘f（X））→ ℘f（X））. 
The counit for ℘f -algebra （S, ） is : （℘f（S）, ∪）→（S, ∨）.
Defi nition 2.2. A complete join semilattice is a tuple （S, ≤, ∨） with a partially ordered set （S, ≤） and the join or the 
least upper bound  A for a subset A of S.
　We write CSLat for the category whose objects are complete join semilattices and whose arrows are homomor-
phisms between them. CSLat is equivalent to the Eilenberg-Moore category ℘-Alg of the powerset monad ℘, 
whose endofunctor sends a set X to the set of all subsets ℘（X）={ A | A⊆ X }, whose unit sends an element x in X to 
{x} in ℘（X）, and whose multiplication sends a subset family α in ℘（℘（X）） to its union ∪α={x | ∃X∈α, x∈X } in ℘
（X）. The forgetful functor from ℘-Alg to Set has the left adjoint which sends a set X to （℘（X）, ∪: ℘（℘（X））→ ℘
（X））. The counit for ℘-algebra （S, ∨） is ∨: （℘（S）, ∪）→（S, ）.
Defi nition 2.3. Let P = （P, μP, ηP） and P’=（P', μP', ηP'） be monads on C. A monad map ι from P to P' is a natural 
transformation from P to P' satisfying the following diagrams.

Lemma 2.4. Let P=（P, μP, ηP） and P'=（P', μP', ηP'） be monads on C. If ι is a monad map from P to P', then, the following G is a 
functor from P'-Alg to P-Alg.
　・For a P'-algebra （c, p'）, G（c, p'）=（c, p'◦ιc）.
　・ For a P'-algebra homomorphism f: （c1, p'1）→（c2, p'2）, Gf=f.
Proof. G（c, p'） is a P-algebra by the following equations.
　　p'◦ιc◦ηP

c=p'◦ηP'
c=Id

　　p'◦ιc◦μP
c=p'◦μP

c
'◦ιP’c◦Pιc=p'◦P'p'◦ιP‘c◦Pιc=p'◦ιc◦Pp'◦Pιc

Gf is a P-algebra homomorphism by the following equation.
　　f◦ p'1◦ ιc1=p'2◦ P'f◦ ιc1=p'2◦ ιc2◦ Pf
 □
　We write －◦ι for the above functor G.
Example 2.5. Let P be the fi nite powerset monad ℘f. Let P' be the powerset monad ℘. Let ιX be the inclusion from ℘f（X） to ℘（X）. Then, ι is a monad map from ℘f to ℘. The functor －◦ι is the forgetful functor from CSLat to SLat.

P PP

P P'

PP′ P'P'ι Pι ιP'

ι

P'

Id

ηP μP μP'

ηP'
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3　Left Adjoint by Absolute Coequalizers
　The next theorem is a corollary of the Theorem 2（b） of Section 3.7 of the book ［2］.
Theorem 3.1. Let C, D, D' be categories and G, U, U' be functors satisfying the following conditions.
　・G: D'→ D is a functor.
　・A functor U : D→ C has a left adjoint F （call its unit η and its counit ε）.
　・A functor U' : D'→ C has a left adjoint F' （call its unit η' and its counit ε'）.
　・U◦G is natural isomorphic to U'.
　・U is monadic.
　・For an object d in D, the parallel pair

　　F'UFUd　　　F'Ud

　and
　　F’UFUd　　　　F'UFU'F'Ud　　　　　　　F'U'F'Ud　　　F'Ud
　has a coequalizer in D'.
Then, G has a left adjoint which sends an object d in D to the codomain of the above coequalizer.
Theorem 3.2 （Corollary of Beck’s theorem ［6］）. If a functor U' : D'→ C is monadic, then U' creates coequalizers of those 
parallel pairs f,g in D' for which U'f, U'g has an absolute coequalizer in C.
Example 3.3. The forgetful functor U' from CSLat to Set is monadic. Therefore, it creates coequalizers of those 
parallel pairs f, g in CSLat for which U'f, U'g has an absolute coequalizer in Set.
Theorem 3.4. Let P=（P, μP, ηP） and P'=（P', μP', ηP'） be monads on C. Let ι be a monad map from P to P'. For a P-algebra （c, 
p）, let e（c, p）: P'c→ E（c, p） be an absolute coequalizer of P'p and μP'

c◦ P'ιc in C.

Then, the functor－◦ ι: P'-Alg→ P-Alg has a left adjoint L, where L（c, p） is the P'-algebra on E（c, p） created by the forgetful 
functor from P'-Alg to C.
Proof. Let D=P-Alg and D'=P'-Alg in Theorem 3.1. Let U be the forgetful functor from P-Alg to C. Let U' be the 
forgetful functor from P'-Alg to C. The composition of U and－◦ι is natural isomorphic to U'. For a P-algebra （c, p）, 
U' sends the parallel pair in Theorem 3.1 to
　　U' F' Uε（c, p）=U' F' Up=U' F' p=P'p
　and
　　　U'ε'F’U（c, p） ◦ U'F'Uε（－◦ ι）F’U（c, p）◦U'F'UFη'U（c, p）

　　=U’ε'F'U（c, p） ◦ U'F'Uε（P'c, μP'
c ◦ ι P'c）◦U'F'UFη'U（c, p）

　　=μP'
c◦P'（μP'

c ◦ ιP'c）◦P'Pη'c
　　=μP'

c◦P'μP'
c ◦ P'P'ηP'

c◦P'ιc
　　=μP'

c◦P'ιc.
　These pairs have an absolute coequalizer e（c, p）. Since U' is monadic, －◦ι has the left adjoint L by Theorem 3.2 
and Theorem 3.1. □
Theorem 3.5. If the assumptions of Theorem 3.4 hold and for all P-algebra （c,p）, e（c, p） has a right inverse r（c, p）,

F'Uεd

F'UFη'Ud ◦F'UεGF'Ud◦ ε'F'Ud

P'p
P'Pc

e（c,p）
P'c E（c,p）

μP'
c◦P'ιc

P'cE（c, p）

E（c, p）

r（c, p）

e（c, p）Id



― 94 ―

鳥取環境大学紀要　第９号・第10号合併号

then L（c, p） is the pair of E（c, p） and the following P'-structure map.

　　P' E（c,p）　　　P'P'c　　　P'c　　　E（c, p）

Proof. There exist a unique object （E（c, p）, p'） and a unique arrow f : （P'c, μP
c
'）→（E（c, p）, p'） in P'-Alg satisfying 

U' f =e（c, p） by Theorem 3.4. Since f is e（c, p） itself and it is a P'-algebra homomorphism, the following diagram com-
mutes.

 □
　By Theorem 3.4, the forgetful functor ―◦ ι from CSLat to SLat has a left adjoint if Set has an absolute co-
equalizer of ℘（∨）: ℘（℘f（S））→ ℘（S） and ∪ : ℘（℘f（S））→ ℘（S） for a join semilattice （S, ≤, ∨）.

４　Ideal Completion as Absolute Coequalizer
　This section shows that Set has an absolute coequalizer of ℘（ ） and ∪ for a join semilattice （S, ≤, ）.
Defi nition 4.1. Let S be a join semilattice. An ideal is a subset A of S such that
　・A is closed under fi nite join operation ,
　・A is closed downward under ≤.
　Since an ideal A is closed under fi nite join, A must contain the least element 0＝0. Thus, ideals are not empty.
　The set of ideals of a join semilattice S is denoted by （S）. For a subset A of a join semilattice S, we write 〈A〉 
for
　　{a∈S | ∃X∈℘f（S）. X⊆A, a ≤∨X}.
Lemma 4.2. For a subset A and an ideal I of a join semilattice S,〈A〉is an ideal of S and〈A〉⊆ I iff A⊆I. In other words, for a 
subset A of a join semilattice S,〈A〉is the smallest ideal containing A.
Proof. For a fi nite subset Y⊆〈A〉 and y∈Y, there exists a fi nite set Xy satisfying Xy⊆A and y≤∨Xy. We have ∨Y∈
〈A〉, since ∪{Xy | y∈Y} is a fi nite subset of S satisfying ∪{Xy | y∈ Y}⊆A and ∨Y≤∨∪{Xy | y∈Y}. 〈A〉is closed down-
ward under ≤, trivially. Therefore, 〈A〉is an ideal.
　For all a∈ A, {a} is a fi nite subset satisfying {a}⊆A and a≤∨{a}. Therefore, 〈A〉 contains A.
　Let I be an ideal containing A. For a∈S and X∈℘f（S）, if X⊆A and a≤∨X, then we have X⊆I, ∨X∈I, and a∈I. 
Therefore, we have〈A〉⊆ I. □
　The function〈_〉: ℘（S）→ （S） which sends A to 〈A〉 is called an ideal completion. The inclusion function r : （S）
→ ℘（S） is a right inverse of 〈_〉.

P'r（c,p） μP'
c e（c,p）

P'E（c, p）

P'E（c, p）

P'c

P'P'c

p'

P'e（c, p）

e（c, p）
E（c, p）

P'r（c, p）

μc
P′

Id

（S）

（S） ℘（S）

〈_〉

r

Id
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Theorem 4.3. For a join semilattice S, 〈_〉: ℘（S）→ （S） is an absolute coequalizer of ℘（ ） and ∪ in Set.

　　℘（℘f （S））　　　　℘（S）　　 （S）

Proof. Let α be an element of ℘（℘f（S））. We have 〈℘（ ）（α）〉⊆〈∪α〉 as follows.
　　　〈℘（ ）（α）〉⊆〈∪α〉
　　⇔ ℘（ ）（α）⊆〈∪α〉 （by Lemma 4.2）
　　⇔ X∈〈∪α〉 （∀X∈α）
　　⇔ X⊆〈∪α〉 （∀X∈α） （since an ideal is closed under fi nite join）
　　⇔∪α⊆〈∪α〉
　　⇔〈∪α〉⊆〈∪α〉 （by Lemma 4.2）
Conversely, we have 〈∪α〉⊆〈℘（ ）（α）〉 as follows.
　　〈∪α〉⊆〈℘（ ）（α）〉
　　⇔∪α⊆〈℘（ ）（α）〉 （by Lemma 4.2） 
　　⇔ X⊆〈℘（ ）（α）〉 （∀X∈α）
　　⇔∨X∈〈℘（ ）（α）〉 （∀X∈α） （since an ideal is closed downward）
　　⇔ ℘（ ）（α）⊆〈℘（ ）（α）〉
　　⇔〈℘（ ）（α）〉⊆〈℘（ ）（α）〉 （by Lemma 4.2）
Therefore, for each α∈℘（℘f（S））, 〈℘（ ）（α）〉=〈∪α〉.
　We defi ne ℘f : ℘（S）→℘（℘f（S）） and down: ℘（S）→℘（℘f（S）） as follows.
　　℘f（A）={X∈℘f（S） | X⊆A}
　　down（A）={{a,b} | a∈S, b∈A, a≤b}
These functions satisfy the following diagrams, where r is the inclusion function from （S） to ℘（S）.

Let Z∈Set and f: ℘（S）→ Z be satisfying f◦℘（ ）=f ◦ . We show that there exists a unique arrow h: （S）→Z 
satisfying h◦〈_〉= f.

℘（∨）
∪

〈_〉

℘（S） ℘（S）

℘（S） ℘（S）

℘（∨）
℘（℘f（S）） ℘（℘f（S））

℘f

∪Id Id

down

〈_〉

down

r

℘（S） ℘（S）

∪

℘f ℘（℘f（S）） ℘（℘f（S））

℘（S）

℘（∨）

（S）

℘（∨）
∪

h

℘（S）

Z

〈_〉

f

℘（℘f（S）） （S）
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The arrow h is defi ned by f◦r. We have h◦〈_〉= f as follows:
　　h◦〈_〉= f◦r◦〈_〉

= f◦∪◦down◦℘（ ）◦℘f

= f◦℘（ ）◦down◦℘（ ）◦℘f

= f◦℘（ ）◦℘f

= f◦∪◦℘f

= f
Moreover, if an arrow g: （S）→ Z satisfi es g◦〈_〉=f, then h=f◦ r=g◦〈_〉◦r=g. So, h: （S）→ Z is a unique arrow 
satisfying h◦〈_〉=f.
　Therefore, 〈_〉: ℘（S）→ （S） is a coequalizer of ℘（ ） and ∪ in Set. The above diagrams are preserved by any 
functor from Set to another category. Therefore,〈_〉: ℘（S）→ （S） is an absolute coequalizer of ℘（ ） and  in Set.
 □
Example 4.4. By Theorem 4.3, Theorem 3.4, and Theorem 3.5, the forgetful functor from CSLat to SLat has a left 
adjoint, which sends a join semilattice S to （ （S）, ⊆, ） satisfying α=〈∪α〉.

５ 　Left Adjoint between Categories of Algebras by Absolute Coequalizers
　This section extends Theorem 3.4 to the theorem for quantales and idempotent semirings.
Defi nition 5.1. An idempotent semiring, abbreviated as I-semiring is a tuple （S, +, ・, 0,1） with a set S, two binary op-
erations + and ・, and 0,1∈S satisfying the following properties:
　・（S, +, 0） is an idempotent commutative monoid.
　・（S,・, 1） is a monoid.
　・For all a, b, c∈ S,
　　　a・c + b・c = （a+b）・c
　　　a・b + a・c = a・（b+c）
　　　0・a = 0
　　　a・0 = 0
where the natural order ≤ is given by a≤b iff  a+b=b.
　We often abbreviate a・b to ab.
　The natural order ≤ on an I-semiring is a join semilattice, where its join operation is given by 0＝0 and, for a 
fi nite subset A⊆ S containing a, ∨ A＝a+（ A╲{a}）.
Example 5.2. Let Σ be a fi nite set and Σ＊ the set of fi nite words （strings） over Σ. Then, the fi nite power set ℘f

（Σ＊） of Σ＊ forms an I-semiring together with the union, concatenation, empty set, and the singleton set of the 
empty word.
　IS denotes the category whose objects are I-semirings and whose arrows are homomorphisms between them.
Defi nition 5.3. A quantale S is an I-semiring satisfying the following properties: For each A⊆S and a∈S,
　　・the least upper bound ∨ A of A exists in S,
　　・（∨ A）a =∨ {xa | x∈A}, and
　　・a（∨ A） =∨ {ax | x∈A}.
　So, a quantale is a complete I-semiring or an S-algebra ［3］. Homomorphisms between quantales are semiring 
homomorphisms preserving arbitrary joins.
Example 5.4. Let Σ be a fi nite set and Σ＊ the set of fi nite words （strings） over Σ. Then, the power set ℘（Σ＊） of 
Σ＊ forms a quantale together with the union, concatenation, empty set, and the singleton set of the empty word.
　Qt denotes the category whose objects are quantales and whose arrows are homomorphisms between them. 
Remark 5.5. I-semirings need not be quantales. For example, an I-semiring ℘f（Σ＊） is not a quantale since it is not 
closed under arbitrary unions.
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Defi nition 5.6 （distributive law ［7］）. Let T =（T, μT, ηT） and P =（P, μP, ηP） be monads on a category C. A distributive 
law θ of P over T is a natural transformation from TP to PT satisfying the following diagrams.

Defi nition 5.7. Let T, T', P, P' be monads on C. Let θ be a distributive law of P over T. Let θ' be a distributive law 
of P' over T'. A morphism （τ, π）: θ→ θ' of distributive laws consists of monad maps τ : T→ T' and π : P→ P' satisfying 
the following diagram.

Defi nition 5.8. Let P and T be monads on a category C. Let θ be a distributive law of P over T. A P◦θ T-algebra is a 
tuple （c, t, p） such that
　・c is an object in C ,
　・The pair of c and t : Tc→ c is a T-algebra,
　・The pair of c and p : Pc→ c is a P-algebra, and
　・p◦Pt◦θc = t◦Tp.

　P ◦ θ T-Alg denotes the category whose objects are P ◦ θ T-algebras and whose arrows are simultaneous T- and 
P-homomorphisms.
Lemma 5.9. Let T, P, P' be monads on C. Let θ be a distributive law of P over T. Let θ' be a distributive law of P' over T. Let ι be 
a monad map such that （Id, ι） is a morphism （Id, ι）: θ→ θ' of distributive laws. The following G is a functor from P'◦θ' T-Alg 
to P◦θ T-Alg.
　・For a P'◦θ’ T-algebra （c, t, p'）, G（c, t, p'） = （c, t, p'◦ιc）.

TP

P

TTP

TP PT

PTTTPT θTθ θT

θ

PT

μP
T ηP

TPμT

PηT

TP

T

TPP

TP PT

PPTPTP θθP Pθ

θ

PT

TμP TηPμT
P

ηT
P

T'π P'τ

TP PT

T'P'

T'P P'T

P'T'

θ

θ'

πTτP

PTc

Tc

Tp

c

TPc Pc
Pt

t

θc

p
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　・For a P'◦θ’ T-algebra homomorphism f, Gf = f.
　We write －◦ ι for the above functor G.
Example 5.10. Let T=（_）＊ be the monad for fi nite sequences on Set. Then, T-Alg is equivalent to the category 
Mon whose objects are monoids and whose arrows are homomorphisms between them.
　Let ℘f be the fi nite powerset monad （℘f , , {_}） on Set. Let ℘ be the powerset monad （℘, , {_}） on Set. There 
exists a distributive law θ of T over ℘f, and there exists a distributive law θ' of T over ℘ as follows.
　　θX（S1・S2……Sn） = {x1・x2……xn | x1∈S1, x2∈S2, . . . , xn∈Sn}
　　θ'X（S1 · S2……Sn） = {x1・x2……xn | x1∈S1, x2∈S2, . . . , xn∈Sn}
Then, ℘f ◦θ T-Alg is equivalent to the category IS and ℘◦θ' T-Alg is equivalent to the category Qt. Let ιX be the in-
clusion function from ℘f（X） to ℘（X）. （Id, ι）: θ→ θ' is a morphism of distributive laws.
Lemma 5.11. The forgetful functor from P◦θ T-Alg to C is monadic.
Example 5.12. The forgetful functor from Mon to Set, the forgetful functor from IS to Set, and the forgetful func-
tor from Qt to Set are monadic.
Lemma 5.13. The forgetful functor from P◦θ T-Alg to T-Alg is monadic. The left adjoint to this forgetful functor sends a T-alge-
bra （c, t） to （Pc, Pt◦θc, μP

c） and a T-homomorphism f to Pf. The unit for a T-algebra （c, t） is ηP
c : （c, t）→（Pc, Pt◦θc）. The 

counit for a P◦θ T-algebra （c, t, p） is p: （Pc, Pt◦ θc, μP
c）→（c, t, p）.

Example 5.14. The forgetful functor from IS to Mon and the forgetful functor from Qt to Mon are monadic.
Theorem 5.15. Let T=（T, μT, ηT）, P=（P, μP, ηP）, and P'=（P', μP', ηP'） be monads on C. Let θ be a distributive law of P over T. 
Let θ' be a distributive law of P' over T. Let ι be a monad map such that （Id, ι） is a morphism （Id, ι）: θ→ θ' of distributive laws. 
For a P◦θ T-algebra （c, t, p）, let e（c, p）: P'c→ E（c, p） be an absolute coequalizer of P'p and μP'

c◦ P'ιc in C.

Then, the functor－◦ ι: P'◦θ' T-Alg→ P◦θ T-Alg has a left adjoint L, where L（c, t, p） is the P'◦θ' T-algebra on E（c, p） created by 
the forgetful functor from P'◦θ' T-Alg to C.
Proof. Let D=P◦θ T-Alg and D'=P'◦θ' T-Alg in Theorem 3.1. Let U be the forgetful functor from P◦θ T-Alg to T-Alg. 
Let U' be the forgetful functor from P'◦θ' T-Alg to T-Alg. The composition of U and －◦ ι is natural isomorphic to U'. 
For a P◦θ T-algebra （c, t, p）, the forgetful functor U' sends the parallel pair in Theorem 3.1 to
　　U'F'Uε（c, t, p）=U'F'Up=U'F'p=P'p
　and
　　　U'ε'F'U（c, t, p）◦U'F'Uε（－◦ι）F'U（c, t, p）◦ U'F'UFη'U（c, t, p）

　　=U'ε'F'U（c, t, p）◦U'F'Uε（P'c, P't◦θ'c, μP
c
'◦ιP'c）◦U'F'UFη’U（c, t, p）

　　=μP
c
' ◦P'（μP

c
'◦ιP'c）◦P'Pη'c

　　=μP
c
' ◦P'μP

c
'◦P'P'ηP

c
'◦P'ιc

　　=μP
c
' ◦P'ιc

Moreover, the forgetful functor from T-Alg to C sends these pairs to the same arrows. They have an absolute co-
equalizer. The monadic forgetful functor from P'◦θ’ T-Alg to C is monadic. Therefore, －◦ι has the left adjoint L by 
Theorem 3.1 and Theorem 3.2. □
Theorem 5.16. If the assumptions of Theorem 5.15 hold and for all P◦θ T-algebra （c, t, p）, e（c, p） has a right inverse r（c, p）,

P'p
P'Pc

e（c,p）
P'c E（c,p）

μP
c
'◦P'ιc

P'cE（c, p）

E（c, p）

r（c, p）

e（c, p）Id
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then L（c, p） is the tuple of E（c, p） and the following P'◦θ' T-structure map.

　　TE（c, p）　　　TP'c　　　P'Tc　　　P'c　　　E（c, p）

　　P'E（c, p）　　　P'P'c　　　P'c　　　E（c, p）
Proof. There exist a unique object （E（c, p）, t', p'） and a unique arrow f : （P'c, P't◦θ'c, μP

c
'）→（E（c, p）, t', p'） in Pθ'' T-Alg 

satisfying U'f = e（c, p） by Theorem 5.15. Since f is e（c, p） itself and it is simultaneous a T-homomorphism and a P'-ho-
momorphism, both of the following diagrams commute.

 □
Example 5.17. By Theorem 5.15, Theorem 5.16, and Theorem 4.3, the forgetful functor from Qt to IS has a left ad-
joint, which sends an idempotent semiring （S, +,・, 0, 1） to （ （S）, ⊆, I,・I, 1I） satisfying
∨α=〈 α〉, J・I K=〈{a・b | a∈J, b∈K}〉, 1I =〈{1}〉.

6　Direct Proof of Left Adjoint by Ideal Completion
　In this section, we directly prove that the ideal completion gives the left adjoint to the forgetful functor from Qt 
to IS.
Defi nition 6.1 （cf. Defi nition 4.1）. Let S be an I-semiring. An ideal is a subset A of S such that A is an ideal of the 
underlying join semilattice （S, ≤, ∨）.
　The set of ideals of an I-semiring S is denoted by （S）. Note that （S） is closed under arbitrary intersection. 
Also note that A∈ （S） iff  A is nonempty, closed under +, and closed downward under ≤.
　We say that a subset A of an I-semiring S generates an ideal I if I is the smallest ideal containing A. By Lemma 
4.2, 〈A〉={a∈S | ∃X ∈℘f（S）. X⊆A, a ≤ ∨X } is the ideal generated by A⊆S. Note that 〈_〉 is monotone and idempo-
tent, i. e. A⊆B implies 〈A〉⊆〈B〉 and 〈〈A〉〉=〈A〉 for any subsets A, B⊆S. If A is a singleton {a}, we often abbreviate 
〈{a}〉 to 〈a〉. Such an ideal is called principal.
Lemma 6.2. Let S be an I-semiring. For a subset α of ℘（S）, 〈 α〉=〈 {〈A〉| A∈α}〉.
Proof. The inclusion ⊆ follows from monotonicity of 〈_〉. Again, by monotonicity of 〈_〉, 〈A〉⊆〈 α〉 for each A∈α. 
Thus, {〈A〉 | A∈α}⊆〈 α〉. So, we have 〈 {〈A〉| A∈α}〉⊆〈 α〉 by monotonicity and idempotency of 〈_〉. □
　Let S be an I-semiring. For subsets A, B⊆ S, defi ne
　　A⊕B={a+b | a∈A, b∈B}
　　A☉B={a・b | a∈A, b∈B}
　　A↓={y | ∃x∈A. y ≤ x}.
　Note that

Tr（c, p） θ'c P't e（c, p）

Pr（c, p） μP'
c e（c, p）

TP'c

P'Tc

P'c

P'c

t'

Te（c, p）

e（c, p）

e（c, p）

P'e（c, p）
θ'c

P't

TE（c, p）

P'E（c, p）

TE（c, p）

E（c, p）

E（c, p）

Tr（c, p）
Id

P'E（c, p）P'P'c

p′

P'r（c, p）
Id

μc
P'

I
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　　（A⊕B）☉C⊆（A☉C）⊕（B☉C）
　　C☉（A⊕B）⊆（C☉A）⊕（C☉B）
　　A☉（B↓）⊆（A☉B）↓
　　（A↓）☉B⊆（A☉B）↓.
Also note that for principal ideals,
　　〈a〉={a}↓.
　Though Lemma 3 in ［4］, corresponding property will appear as Lemma 6.5 in this paper, is shown by transfi -
nite induction, we are going to show Lemma 6.5 without using transfi nite induction.
　For subsets A, B, X of an I-semiring S, defi ne
　　x∈A－1X ⇔ ∀a∈A. ax∈X
　　x∈XB－1 ⇔ ∀b∈B. xb∈X.
Note that B⊆A－1X iff  A☉B⊆X iff  A⊆XB－1. Then, since A－1X⊆ A－1X and XB－1⊆XB－1, we have A☉A－1X⊆X and 
XB－1☉B⊆X. Also, if X⊆Y, A⊆A', B⊆B', it holds that A'－1X⊆ A－1Y and XB'－1⊆ YB－1.
Lemma 6.3. The following holds for subsets X, Y, A and B of an I-semiring S.
　1．A－1X⊕A－1Y⊆A－1（X⊕Y）.
　2．XB－1⊕YB－1⊆（X⊕Y）B－1.
　3．（A－1X）↓⊆A－1（X↓）.
　4．（XB－1）↓⊆（X↓）B－1.
Proof. 1 follows from A☉（A－1X⊕A－1Y）⊆（A☉A－1X）⊕（A☉A－1Y）⊆X⊕Y. The other inclusions are shown similarly 
to 1. □
Lemma 6.4. Let S be an I-semiring. The following holds for an ideal I and subsets A, B⊆ S.
　1．A－1I is an ideal.
　2．IB－1 is an ideal.
Proof. 1. Since A☉{0}={0}⊆I, {0} ⊆ A－1I. Thus, A－1I is nonempty. Also, we have
　　　　　A－1I⊕ A－1I⊆ A－1（I⊕I）　（by 1 of Lemma 6.3） 

　　　　　　　⊆ A－1I,
　　　（A－1I）↓⊆ A－1（I↓）　（by 3 of Lemma 6.3）
　　　　　　　⊆ A－1I.

Therefore A－1I is an ideal. 2 is proved similarly to 1. □
Lemma 6.5. Let S be an I-semiring. Then, 〈A☉B〉=〈〈A〉☉〈B〉〉 holds for any subsets A, B⊆S.
Proof. The inclusion ⊆ follows from monotonicity of 〈_〉. Next, we show the reverse inclusion. Since A☉B⊆〈A☉B〉, 
we have A⊆〈A☉B〉B－1. By Lemma 6.4 and monotonicity of 〈_〉, it holds that 〈A〉⊆〈A☉B〉B－1. Thus, 〈A〉☉B⊆
〈A☉B〉 holds. Moreover, this inclusion implies B⊆〈A〉－1〈A☉B〉. Again, by Lemma 6.4 and monotonicity of 〈_〉, 〈B〉
⊆〈A〉－1〈A☉B〉. Thus, 〈A〉☉〈B〉⊆〈A☉B〉 holds. Therefore, by monotonicity of 〈_〉, the reverse inclusion holds. □
　In general, the natural ordering on an I-semiring is a join semilattice but not complete as we have seen in Re-
mark 5.5. Next, we provide a completion of I-semirings.
　Let S be an I-semiring and consider the poset （ （S）, ⊆）. Since 〈0〉={0}, 〈0〉is the least element of （S）. For 
each subset α⊆（S）, an ideal 〈 α〉 is the least upper bound of α. Obviously, the least upper bound of 0⊆ （S） is 
〈0〉. Also, since 〈a〉={a}↓,
　　a≤b ⇔ 〈a〉⊆〈b〉
holds for any a, b∈S. Thus, （ （S）, ⊆） is an ideal completion of （S, ≤） with an embedding 〈_〉: S→ （S）. ∨α de-
notes the least upper bound of α⊆（S）. For any I, J∈ （S）, we write I+J for∨{I, J }, and defi ne I・J=〈I☉J〉.
　In the rest of this section, a functor from IS to Qt which is a left adjoint to the forgetful functor is provided. G: 
Qt→ IS
Proposition 6.6. Let S be an I-semiring. For any H, I, J∈（S） and α⊆（S）, the following holds.
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　1．〈0〉・I=〈0〉=I・〈0〉.
　2．〈1〉・I=I=I・〈1〉.
　3．（H・I）・J=H・（I・J）.
　4．（　α）・I=　{J・I | J∈α}.
　5．I・（∨α）=∨{I・J | J∈α}.
Proof. 1 follows from defi nition of ☉. 2 and 3 follow from defi nition of ☉ and Lemma 6.5. 4 follows from
　　（∨α）・I=〈（∨α）☉I〉

=〈〈∪α〉☉I〉
=〈（∪α）☉I〉 （by Lemma 6.5）
=〈∪{J☉I | J∈α}〉
=〈∪{〈J☉I〉 | J∈α}〉　（by Lemma 6.2）
=〈∪{J・I | J∈α}〉
=∨{J・I | J∈α}.

5 is proved similarly to 4. □
　Therefore, （S） forms a quantale.
　Let S be an I-semiring. Using 〈x〉={x}↓, it is verifi ed that the mapping
　　x 〈x〉
from S to （S） is one-to-one and preserves +, ・, 0, and 1. Thus, this mapping is an arrow from S to （S） in IS.
　We have omitted a transfi nitely inductive construction of an ideal, which has been adopted in ［4］. Thus, it is im-
possible to benefi t from the proof of Lemma 4 in ［4］, which depends on the transfi nitely inductive construction.
　Let S and S' be I-semirings. Given a homomorphism f from S to S', we defi ne
　　f［A］={ f（a） | a∈A} and f－1［A'］={a | f（a）∈A' }
for each A⊆ S and A'⊆ S', respectively. Note that f［A］⊆A' iff  A⊆ f－1［A'］. Also, note that
　　f［A☉B］ = f［A］☉ f［B］
　　f［A⊕B］ = f［A］⊕ f［B］
　　 f［A↓］ ⊆ f［A］↓
for all A, B⊆S.
Lemma 6.7. Let S and S' be I-semirings and f : S→ S' a homomorphism. Then the following holds for any A', B'⊆S'.
　　1．f－1［A'］☉f－1［B'］⊆ f－1［A'☉B'］.
　　2．f－1［A'］⊕ f－1［B'］⊆ f－1［A'⊕B'］.
　　3．f－1［A'］↓⊆ f－1［A'↓］.
　　4．If A'∈（S'）, then f－1［A'］∈ （S）.
Proof. The fi rst inclusion is equivalent to f［ f－1［A'］☉f－1［B'］］⊆A'☉B'. Also, it holds that 
　　f［ f－1［A'］☉f－1［B'］］=f［ f－1［A'］］☉f［ f－1［B'］］.
Since f［f－1［A'］］⊆A' and f［f－1［B'］］⊆B', 1 holds. 2 is proved similarly to 1. The third inclusion is equivalent to f
［ f－1［A'］↓］⊆ A'↓. Since f［ f－1［A'］↓］⊆ f［ f－1［A'］］↓ and f［ f－1［A'］］⊆A', 3 holds. It is suffi  cient for 4 to check non-
emptiness of f－1［A'］ since the others are induced by 2 and 3. Suppose that A' is an ideal. Then, 0∈A'. So,  f［{0}］={0}
⊆A'. Thus {0}⊆f－1［A'］. Therefore, f－1［A'］ is nonempty. □
Lemma 6.8. Let S and S' be I-semirings and f : S→ S' a homomorphism. For each subset A⊆ S, the following holds.
　　f［〈A〉］⊆〈 f［A］〉
　　〈 f［〈A〉］〉=〈 f［A］〉
Proof. The fi rst inclusion follows from
　　f［A］⊆〈 f［A］〉⇔ A⊆ f－1［〈 f［A］〉］

⇒〈A〉⊆ f－1［〈 f［A］〉］　（by 4 of Lemma 6.7）
⇔ f［〈A〉］⊆〈 f［A］〉.

∨ ∨
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The inclusion 〈 f［〈A〉］〉⊆〈 f［A］〉 follows from the fi rst, and the reverse inclusion follows from the monotonicity of 
f and 〈_〉. □
　Let S be an I-semiring, Q a quantale, and g: S→ G（Q） a homomorphism. By Lemma 6.8, g［I］ and g［A］ generate 
the same ideal if I∈ （S） is generated by A⊆S. For I∈ （S）, the least upper bound of g［I］ exists in Q, which is 
denoted by ∨g［I］, since the least upper bound of any subset of Q exists in Q.
Lemma 6.9. Let S be an I-semiring, Q a quantale, and g: S→ G（Q） a homomorphism. If I∈ （S）, ∨g［I］=∨g［A］ for any 
generating set A of I.
Proof. By Lemma 6.8, 〈g［I］〉=〈g［〈A〉］〉=〈g［A］〉for any generating set A of I. Then, ∨g［A］ is an upper bound of 
g［I］ since 〈g［I］〉=〈g［A］〉⊆〈∨g［A］〉=（∨g［A］）↓. By g［A］⊆ g［I］, ∨g［A］≤∨g［I］. Thus, ∨g［A］=∨g［I］ since 
∨g［I］ is the least upper bound of g［I］. □
　Let S be an I-semiring and Q a quantale. Defi ne the map ĝ: （S）→ Q by
　　ĝ（I）=∨g［I］
for a homomorphism g: S→G（Q）.
Proposition 6.10. The map ĝ preserves ∨, ・, 0 and 1.
Proof. For I, J∈（S）,
ĝ（I・J）=∨g［I・J］

=∨g［〈I☉J〉］
=∨g［I☉J］　　　　（by Lemma 6.9）
=∨g［I］☉g［J］
=（∨g［I］）・（∨g［J］）
=ĝ（I）・ĝ（J）.

Also, we have ĝ（〈1〉）= g［〈1〉］= g［{1}］=1 and ĝ（〈0〉）= g［〈0〉］= g［{0}］=0. Note that （ β）= { B | 
B∈β } for a subset β of the powerset ℘（Q）. Then, for nonempty subset α⊆ （S）,
ĝ（ α）= g［ α］

= g［〈 α〉］
= g［ α］　　　　　（by Lemma 6.9）
= （ {g［I］ | I∈α}）
= { g［I］ | I∈α}
= {ĝ［I］ | I∈α}.

　The equation holds even in the case of α = 0 since α=〈0〉 and it has been shown that ĝ preserves 0. □
Theorem 6.11. Let S be an I-semiring and Q a quantale. For a homomorphism g: S→ G（Q）, ĝ is a unique completely join-
preserving homomorphism from （S） to Q such that g=ĝ◦〈_〉.
Proof. For each a∈S, we have ĝ（〈a〉）= g［〈a〉］=∨g［{a}］=g（a） by Lemma 6.9. Assume that a completely join-
preserving homomorphism f from （S） to Q satisfi es g = f◦〈_〉. Then, it holds that
　　ĝ（I）=∨g［I］

=∨{g（α） | α∈I }
=∨{ f（〈α〉） | α∈I }（by assumption）
=f（∨{〈α〉 | α∈I }）
=f（I）

for each I∈（S）. Thus, ĝ = f. □
　For an I-semiring S and a homomorphism h: S→ S', we defi ne
　　F（S）= （S） and F（h）=〈_〉◦h,
respectively. Then, F is a functor from IS to Qt. It is immediate from Theorem 6.11 that the following holds.
Corollary 6.12. The functor F: IS→ Qt is a left adjoint to the forgetful functor G: Qt→ IS.



― 103 ―

NISHIZAWA　FURUSAWA　Ideal Completion of Join Semilattice over T-algebra

７　Conclusion and Future Work
　We provided the suffi  cient condition for the functor from P'◦θ'T-Alg to P◦θ T-Alg to have a left adjoint. This result 
includes the cases of the forgetful functor from CSLat to SLat and the forgetful functor from Qt to IS. For the sec-
ond case, a proof being independent from the suffi  cient condition was also provided.
　In both cases, left adjoints are given by an ideal completion. The authors plan to search for other examples than 
ideal completion provided.
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